THE EQUIVALENCE PROBLEM FOR 5-DIMENSIONAL 
LEVI DEGENERATE CR MANIFOLDS 



C. MEDORI AND A. SPIRO 

Abstract. Let M be a CR manifold of hypersurface type, which is Levi 
degenerate but also satisfying a fc-nondegeneracy condition at all points. 
This might be only if dimM > 5 and if dimM = 5, then k — 2 at all 
points. We prove that for any 5-dimensional, uniformly 2-nondegenerate 
CR manifold M there exists a canonical Cartan connection, modelled 
on a suitable projective completion of the tube over the future light cone 
jz£C 3 : (x 1 ) 2 +(x 2 ) 2 -(x 3 ) 2 = , x z > 0}. This determines a complete 
solution to the equivalence problem for this class of CR manifolds. 



1. Introduction 

Let M be a 5-dimensional CR hypersurface, which is Levi degenerate at 
all points. Quite simple examples are provided by Cartesian products of the 
form M = M x C for some 3-dimensional CR manifold M. A much less 
trivial case is represented by the so-called tube over the future light cone 

T={zeC 3 : (x 1 ) 2 + (x 2 ) 2 - (x 3 ) 2 = , x 3 > 0} C C 3 . (1.1) 

This hypersurface is in fact Levi degenerate at all points (it is homogeneous 
w.r.t. Aut(T)), it is foliated by complex leaves and yet it admits no local 
CR straightening, that is no local CR equivalence with a Cartesian product 
of the form MxC. 

Freeman (|Frj) found necessary and sufficient conditions for a real ana- 
lytic CR manifolds to admit local straightenings, together with obstructions 
to the existence of CR straightenings in the smooth category. Such ob- 
structions are equivalent to the so-called k-nondegeneracy conditions at its 
points ( |BER| |KZ| ). We recall that a CR hypersurface M satisfies the 1- 
nondegeneracy condition at all points if and only if it is Levi nondegenerate 
and that the other fe-nondegeneracy conditions for k > 2 can be taken as 
progressively weaker nondegeneracy conditions. 

The smallest possible dimension for a CR hypersurface M to be Levi de- 
generate and yet k- nondegenerate at all points is 5. In such a case k is nec- 
essarily equal to 2. For brevity, we call the 5-dimensional, 2-nondegenerate 
CR hypersurfaces of uniform type girdled CR manifolds. 
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These CR manifolds have been recently considered in several studies, 
which for instance brought to Ebenfelt's normal forms for real analytic, 
Levi degenerate CR hypersurfaces in C 3 and Kaup and Fels' classification 
of homogeneous Levi degenerate 5-dimensional CR manifolds ( |Eb[ iFKlj). 

In this paper, we give a general solution to the equivalence problem for 
girdled CR manifolds in the C°° category, proving the existence of a canonical 
Cartan connection for any such manifold M. 

We recall that (see e.g. \Ko\ IShj ) a Cartan connection on a manifold 
N, modelled on a homogeneous space G/H, is a pair (Q,w), formed by a 
principal ff-bundle ir : Q — > N and a g-valued 1-form w = TQ — > g = 
Lie(G) satisfying the following conditions: 

(a) w y : T y Q — > g is a linear isomorphisms for any y € Q and 

(w y r 1 \ t) :t ) = Lie(H)^T^Q 

is the standard isomorphism given by the action of H on Q, 

(b) R\w = Ad fc -i w for any h € H. 

If N is a manifold endowed with a fixed geometric structure, a Cartan con- 
nection (Q, w) is said canonical if there exists a natural correspondence 
between the automorphisms of the geometric structure and the diffeomor- 
phisms / : Q — > Q such that f*w = w. We point out that, if (Q,w) is 
a canonical Cartan connection, any fixed basis (E°) of g gives a canonical 
absolute parallelism on Q (also called {e} -structure), namely the collection 
of vector fields 

Ei\ y =w- X {E°) , yeQ. 

Since the structure functions of a canonical absolute parallelism give a com- 
plete set of invariants for the geometric structure on N (see e.g. [StJ lASj ). 
for the geometric structures that admit canonical Cartan connections, the 
equivalence problems have exact and complete solutions. 

Canonical Cartan connections give also valuable information on the au- 
tomorphism groups of the considered geometric structures and allow con- 
structions of useful special coordinates (see e.g. \Ko\ \Sh \ ISSlJ). 

Our main result on girdled CR manifolds is the following: 

Theorem 1.1. For any 5-dimensional girdled CR manifold (M,T>, J), there 
exists a canonical Cartan connection (Q,w), modelled on the projective 
completion M Q = SO° 3 2 /H C CP 4 of T (see P/or definition of M a ). 

The proof is constructive and provides an explicit description of the bun- 
dle 7r : Q — > M and of the g- valued 1-form w. Roughly speaking, it consists 
of a suitable modification of Tanaka's construction of Cartan connections 
for geometric structures modelled on semi-simple Lie groups ( [Ta3l IAS] ). 
In particular, our result can be taken as the analogue of the Cartan con- 
nections of Levi nondegenerate hypersurfaces (Tanaka's and Chern-Moser's 
connections) and of the CR manifolds endowed with the so-called parabolic 
geometries ([ESI EH EMI EHU ESI EEH). 
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Note that, since the isotropy of the model space M = SO® 2 /H is not a 
parabolic subgroup, the girdled CR structures cannot be classified as para- 
bolic geometries. On the other hand, our modifications of Tanaka's approach 
can be very likely extended to other dimensions and other types of finitely 
nondegenerate CR structures and we expect the existence of an interest- 
ing new class of geometries, which includes both girdled CR structures and 
parabolic geometries as special cases. 

We conclude mentioning that another absolute parallelism for girdled CR 
manifolds was previously determined by Ebenfelt in [Eblj. However, such 
parallelism can be considered as canonical only if one consider CR automor- 
phisms satisfying certain additional assumptions. It consequently provides 
only solutions to the corresponding restricted equivalence problem. 

After finishing our paper, we realised that Isaev and Zaitsev recently 
constructed an absolute parallelism for girdled CR manifolds, in general not 
determined by a Cartan connection, which therefore gives an alternative 
solution to the equivalence problems for such manifolds ([IZj). 

The paper is organised as follows: in §2 and §3 we give the basic definitions 
and properties of girdled CR manifolds, of the tube T over the future light 
cone and of its projective completion M a C CP ; in §4, we introduce some 
definition and simple facts on vector spaces with nitrations, which will be 
used in later sections; in §5, §6 and §7, we construct the three steps of a 
tower, which is canonically associated with a girdled CR manifold and is the 
analogue of Tanaka's tower of Levi- nondegenerate CR manifolds; in §8, we 
prove the main theorem and determine the structure equations of a girdled 
manifold. 

Notation. In the following, for any given (real or complex) subbundle 
K, C T C M of the complexified tangent space T C M, we indicate by /C the 
class of all local smooth section of /C. 

Acknowledgement. We are grateful to A. Isaev for pointing us a mistake 
in our previous description of Aut(T) and Aut(M Q ). 

2. Preliminaries 

2.1. Finitely non-degenerate CR manifolds of dimension 5. 

Given a 2n + /c-dimensional manifold M, a CR structure on M of codi- 
mension k is a pair (T>,J), formed by a distribution D C TM of codimension 
k and a smooth family of complex structure J x : T> x — > V x satisfying the 
following integrability condition: 

the bundle V 10 C T C M, given by the -M-eigenspaces V x ° C T>^ of 
the complex structure J x , is involutive, i.e., 

[A 10 , Y 10 ] CV 10 for any pair A 10 , Y 10 € V 10 . 

The complex vector bundles V 10 , V 01 = T> 10 are called holomorphic and 
anti-holomorphic bundles of the CR structure (T>,J). Two CR manifolds 
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(M,V,J) and (M',V',J') are called (locally) CR equivalent if there exists 
a (local) diffeomorphism / : M — > M' such that 

f*(v) = V, W) = J'. 

The Freeman sequence of a CR manifold (M,T>, J) ([Fr], Thm. 3.1) is the 
nested sequence of families of complex vector fields 

■•• c Z J+1 cZjC.cZiCZoC Z_! = P c 

iteratively defined by 

E k+l = Zi° +1 +ZI% with zi% = {X € zi° : [x,v 01 ] c Zi° 

(2.1) 

and where we set = V 10 . A CR structure (T>,J) is called regular if 

the vector fields in T_a and T_ j° are the sections of corresponding complex 
distributions Tj,T^ C £> c for any j > —1. From now on, any CR manifold 
will be tacitly assumed to be regular. 

The following is a consequence of definitions. 

Lemma 2.1. If (M,T>, J) is a regular CR manifold, all complex distribu- 
tions J-fc are J -invariant and real (i.e. equal to their conjugate). 

Furthermore, the class of vector fields in £ = Re(J-o) C T> is equal to 

£={XeV : [X,V]cV}. (2.2) 

In particular, £ is an involutive subdistribution ofT>. 

We may now consider the following definition (see e.g. |BERl IKZj ). 

Definition 2.2. A (regular) CR manifold (M, V, J) is called k- 
nondegenerate if J-j ^ for all < j < k — 2 and J r fc_i= 0. In this case, 
(M, T>, J) is called finitely nondegenerate with order of nondegeneracy k. 

If (M,V,J) is of hypersurface type (i.e. of codimension 1), it is 1- 
nondegenerate if and only if it is Levi nondegenerate in the usual sense 
or, equivalently, if and only if P is a contact distribution. 

If (M, T>, J) is of dimension 5 and of hypersurface type, a dimension ar- 
gument shows that it is finitely nondegenerate if and only if it is either Levi 
nondegenerate or 2-nondegenerate. 

In this paper, we focus on 5- dimensional, CR manifolds of hypersurface 
type that are 2-nondegenerate, which we friendly call girdled CR manifolds. 

By definitions, a girdled CR manifold (M, T>, J) is naturally endowed with 
the J-invariant, 2-dimensional, involutive subdistribution £ = Re(J-o) C T>, 
which we call rib distribution. Its maximal leaves are called ribs: they 
are complex manifolds of dimension 1 and (M, T>, J) is foliated by such 1- 
dimensional complex manifolds. However, by finite nondegeneracy, there 
exist no local CR equivalences between (M, T>, J) and products of the form 
M x C for some 3-dimensional CR manifold (M, V, J) (we call them CR 
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straightening s; see also [FY] ) . The absence of CR straightenings is the reason 
why we chose for the word "girdled" for such CR manifolds. 

2.2. Levi form and cubic form. 

Let (M,V, J) be a girdled CR manifold with rib distribution £ C T> and 
denote by 

£ 10 = V 10 n£ c , £ m =~£™ 
the holomorphic and antiholomorphic subdistributions in £ c . For any tan- 
gent vector v G T X M, we use the notation X^ v > to indicate any vector field, 
defined on a neighbourhood of x, satisfying the condition 

Any such is said to be a vector field that extends v around x. 

We call defining covector at x G M a 1-form $ x G T*M with the property 
that ker^ = T> x . A 1-form defined on an open subset hi C M, is called 
defining 1-form if i? x is a defining covector for any x G hi. 

Lemma 2.3. Let ■& be a defining 1-form on a neighbourhood hi of ' x G M. 

a) For any v,w G T X M and vector fields X^ v \ X^ G V that extend v 
and w around x, we have that 

d& x {v, Jw) = -0 X ([XW,JXM]) . (2.1) 

In particular, d*t} x (v, Jw) depends only on t9 x , v and w. 

b) Given e G £ x °, h, h! G Vf and X^ G £ 10 , X^, X<- h "> G V m that 
extend e, h and h! , respectively, the corresponding complex number 

d x ([[xM,xW],xW]) 

depends only on $ x , e, h and hi . Such dependence is linear. 

Proof. The equality (|2.ip is a consequence of Koszul formula for exterior 
derivatives. The last claim of (a) follows directly. 

For (b), we only need to check that the value of $ x ([[X( e \ X { % X^]) 
does not changes if one replaces G £ 10 , XW, X^ G V 01 by other 
extensions 

y(e) € £ 10^ y(h) ) y(h') € £)01_ Thgy are necessar il y D f t h e form 
y(e) = XX (e) ^ y(h) = ^) + i/jC 1 ) , y( ft ') = /jW + i/'X^') 

for some C-valued, smooth functions A, fi, u, fx', v' with 
\ x = v x = v' x = I , n x = (jf x = . 
Since [P 01 ,P 01 ] C P 01 and [£ C ,P C ] C P c , 

[y^yW] = Ai/^W , 1^] + X® (l/)JfW mod £ C 

and 

[[rW,yW],yW] =Aw'[[i (e U (fc) ]J (ft,) ] modp c . 

Since i? is a defining 1-form and A x = /i x = v x = 1 

tf x .([[y (e) ,y w ],y (/l,) ]) = $ x {[[x {e \x {h) ],x {h,) ]) . □ 
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On the base of the previous lemma, we may consider the following 



Definition 2.4. Let "& x € T*M be a defining covector at x. We call Levi 
form and cubic form, associated with i!} x , the linear maps 

: V x x V x > R . C»*(v,w) = -# X ([X {V \JX {W) }) , (2-2) 

H* a : ef x Vf x Vf — >C , H**{e,h,ti) = $ x {[[X( e \x( h \xW\) 

(2-3) 

for some extensions X^ V \X^ eV, X^ € £ 10 , 1^, X^') G P 01 . 



3. A MAXIMALLY HOMOGENEOUS MODEL FOR GIRDLED CR MANIFOLDS: 
THE TUBE OVER THE FUTURE LIGHT CONE 



3.1. The tube over the future light cone. 

Consider the bilinear form (-, ■) and the pseudo-Hermitian form < 
on C 5 defined by 



• > 



/ v def t t 

(t, S) = t I 3:2 s , 



< t,s >= (t, s) , 



L 



3,2 



h 








-h 



and the corresponding semi-algebraic subset M a C CP 4 defined by 

r (t,t) = (ty + (t 1 ) 2 + (t 2 ) 2 - (t 3 ) 2 - (t 4 ) 2 = o , 



<t,t>= \t°\ 2 + (t 1 ! 2 + |t 2 | 2 



Im t 3 t A > . 



x3|2 



f4|2 



, 



(3.1) 



One can directly check (see also e.g. |SV] ) that M Q is a SO3 2 -homogeneous, 
5-dimensional CR submanifold of CP 4 (SO3 2 = identity component of 

S03 t 2) and contains T = M a n {Im(t 3 (t° + t 4 )) > 0} as open dense sub- 
set, which is CR equivalent to the so called tube over the future light cone 
in C 3 , i.e. the real hypersurface 

T = { (z 1 , z 2 , z 3 ) £ C 3 : (Z 1 ) 2 + (x 2 ) 2 - (x 3 ) 2 = , x 3 > } . (3.2) 

In fact, one can directly check that the map / : C 3 — > CP 4 defined by 



f(z\z 2 ,z 3 ) 



- l -- l -((z^ + (z 2 ) 2 -(z 3 ) 2 ):z': 



: z : z 



3 . 



+ l -{^) 2 + (z 2 ) 2 -(z 3 ) 2 ) 



(3.3) 



1 1 
"2 + 2 

determines a CR equivalence between T and T C M Q . 

It is also known that T (and M Q as well) is a girdled CR manifold. It is 
indeed a homogeneous girdled CR manifold with algebra of germs of infini- 
tesimal automorphisms of maximal dimension (see ( |FKlj ). Indeed the real 
algebraic variety 

N = { [t] e CP 4 : (t, t) = (t, t) = } C CP 4 . 
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is 03^-invariant and contains exactly two open SO3 2 -orbits, one of which 
is M a . It is known that Aut(M Q ) = SO32 , i.e. its CR automorphisms 
coincide with the transformations determined by the projective actions of 
the elements in SOjj 2 on M a (see e.g. [Kll IWl WK\ ). 



3.2. The graded structure of the Lie algebra of Aut(M G ). 

Consider a system of projective coordinates on CP" , in which the bilinear 
form (•, •) assumes the form 



(t, s) = t T Z s 



with 



I 














1 \ 











1 











1 











1 











x 1 











) 



(3.4) 



By means of this new coordinates, 503,2 (K) can be identified with the Lie 
algebra of real matrices such that A T X + XA = 0, i.e., of the form 



.4 



ai 


02 


a 5 


a 7 





03 


04 


a 6 





-a 7 


as 


ag 







-a 5 


aio 





-ag 


— 04 


-a 2 





-aio 


-a s 


-a 3 


-ai 



for some G 



In particular, it admits a basis B, given by the matrices 
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£2 
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-1 






Eh 






1 




















































-1 











1 





f 











\ 








1 

















-1 




















V 











t 



E 



E z 



/ 


























































V 







1 








1 



















-1 


c 































c 




1 











( 







-1 


1 



















1 
















(1 
















(1 







-1 



















-1 


f 





1 


























































V 



























1 


°1 N 













) 




















































J 



(3.5) 



For the discussions of the next sections, it is quite useful to have all Lie 
brackets between elements of the basis B explicitly written down. Moreover, 
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in place of the elements E l - and e~\ for i = 0, 1 and j = 1,2, it is convenient 
to consider the elements in 303,2 (M) c 

EfiM =\[E[- iEQ , e -^°) = i U l - ie-A , 

I = 0, 1 , (3.6) 

££(01) = ^Kwj ^ e -£(01) = e -£(10) j 

and evaluate the Lie brackets between such vectors and between them and 
the real vectors E 2 , e~ 2 or E9. Here is the list of such Lie brackets. 





E 2 


E 1 <- 10 '> 


£l(01) 


^0(10) 


£0(01) 


e 0(10) 


e 0(01) 


e -Kio) 


e -i(oi) 


_2 

e 


ad„o 


2E 2 




£!(01) 














_ e -i(io) 


_ e -i(oi) 


-2e- 2 


ad E 2 











-E 2 


— E 2 








iB i(io) 


_ lB l(0D 


£,0(10) + 
_|_ E 0(01) 


ad B i(i ) 













_£l(10) 





_£l<01) 


1„0(10) 
2 e 


I B 0(01) 




ad E i (0 i) 





is 2 





_ £ 1(01) 





_ B i(i°) 





1^0(10) 


1„0(01) 
2 e 




ad E o(io) 


E 2 





£l(01) 








_ e 0(10) 


e 0(01) 


_ e -i(io) 





_2 

— e 


ad B 0(0l) 


E 2 













e 0(10) 


_ e 0(01) 





_ e -i(oi) 


_2 

— e 


ad e o(io) 








£l(10) 


e 0(10) 


_ e 0(10) 





+E o(oi) 





_ e -Kio) 





ad e o (0 i) 





B l(01) 





_ e 0(01) 


e 0(01) 


S 0(10) _ 

_ B °(°i) 





_ e -i(oi) 








ad e _i(i ) 




1.0(10) 

2 e 


_1 £ 0(10) 


e -K10) 








e -i(oi) 










ad e _i( i) 


iB K01) 


_1 B 0(01) 


_ I p o(oi) 

2 e 





e -l(01) 


e -i(io) 





i — 2 
~2 e 








ad e _ 2 


_ £ 0(10)_ 

_ £fi(oi) 


- le - 1 < 10 > 




e- 2 


e- 2 


















Table 1 



The brackets between all the elements of B can be directly recovered from 
Table 1 recalling that 

E[ = E«W + ^(01) , El = i(E e ^ - ^(oi)) , 

for £ = 0, 1 . (3.7) 

e -e = e -i(io) + e -i(oi) ^ e -i = i( e -i{W) _ e -W)) , 
Notice that 303,2 has a natural graded Lie algebra structure 

S0 3 ,2 = 0~ 2 + 0" 1 + 0° + 1 + 2 , 

given by the eigenspaces of the adjoint action of the grading element E® 
g -2 =< e -2 > j -i =< er i )6 -l > , o =< e °,e°,<£° > j 

1 =<E\,El > , q 2 =<E 2 > . 
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3.3. The Levi form and the cubic form of M a . 

Consider the point x Q = [1 : i : : : 0] of M Q (we are using the 
coordinates defined by (|3.4j) ). The isotropy subalgebra f) = Lie(Aut Xo (M )) 
consists of the matrices A £ 303,2 (M) such that 

A • (1, i, 0, 0, 0) = A(l, i, 0, 0, 0) for some 

From this, one can directly check that 

f> =< El, El El,El,E 2 >= h° + g 1 + g 2 , 

where f)° C g° is the subspace f)° =< E®, E® >. If we denote by m° C g° the 
subspace m° =< e°, >, we see that m = g~ 2 + g _1 + m° is complementary 
to f) in g and that the linear map 



1 : m 



T x M 



X € m 



X d ^ XI 



e T x M a 



where each X is the vector field on M Q with flow equal to exp(tX)- : M Q — > 
M Q , t € M, is an isomorphism. We use 1 to identify m with T Xo M and, for 
any v 6 m, we set v = i(v). 

In this way, the basis J3 m = (e -2 , , e°) of m can be identified with the 
basis B m of T Xo M Q formed by the vectors 



Re 





. d 




- 

1 dz 3 


■£■0 


Xo J 




Re 







. d 


- 

\dz° 


X 


% dz 1 



^2 




From this and with the help of Table 1, one can check that the invariant CR 
distribution T> and the rib distribution £ are given by 

V Xo =<e^\e^\elel >= i (g- 1 +m°) , S Xo =< e?, e° 2 >= i(m°) , (3.8) 

and the invariant complex structure J on P is such that 



J(er 1 ) = e 2 " 1 , J(e?; 



^2 



Moreover, if we denote by B m * the dual basis of B m , direct computations 
show that 

tf = (e~ 2 )* ( = the 1-form dual to e" 2 ) 

is a defining covector for D, with corresponding Levi form and cubic form 
equal to 

_1 ^0(10)^-1(01)^-1(01)) = J_ 



-1(10) )g -1(01) > 



(3.9) 
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(here, e"^ 10 ) = \ (e_^ - iJe^\ and e"^ 01 ) = e" £ ( 10 )). In fact, one may 

consider the connected subgroup M C SO32 = Aut(M ) with Lie(M) = m 
and observe that the restriction 7t|m of the natural projection 

vr : SOjj i2 = Aut(M ) — ► M ~ Aut(M )/ Aut Xo (M ) 

determines a (local) diffeomorphism 7t|m : M — > M Q . By SO3 2 -invariance 
and (1331), the pull-back (D, J) on M of the CR-structure (V, J), is formed 
by the left-invariant distribution D, spanned by ej l , e^, i,j = 1,2, and the 
complex structure J such that I(e\) = e\ for any i = —1, 0. From this, the 
Levi form and the cubic form of (M, D, J) (and of (M, T>, J)) can be directly 
computed using Table 1. 

3.4. The CR structure of M Q and the complex structure J| m -i +m o. 

The graded subspaces g -2 , , 1 , 2 C 503,2 will be often indicated with 
the symbols m~ 2 , m" 1 , h 1 , h 2 , respectively, so that the graded decomposition 
of m and f) are 

m = m~ 2 +m _1 +m° and f) = h° + h 1 + h 2 . 

We also denote by J the grade preserving complex structure on the subal- 
gebra m -1 + m° + h° + h 1 , defined by 

J(e r 1 ) = J(e 2 - 1 ) , J(e°) = J(e°) , = E° 2 , J (El) = E\ . (3.10) 

Notice that: 

- the vectors e _£(10) , £ £(10) and e _ ^ 01) , E l ^ m \ introduced in ([3l|, are 
the J-holomorphic and J-antiholomorphic parts of the elements e± , 
Eh 

- through the isomorphism 1 : m — > T Xo M Q , the restriction </| m -i+ m o 
corresponds to the complex structure J ofT> Xo and completely deter- 
mines the invariant CR structure of M ; 

- using the isomorphism 1, the vectors e~^ 10 \ t = 0, 1, can be consid- 
ered as a basis for T>1° C Ti? M Q . 

4. Filtered vector spaces modelled on 303,2 (K) 

4.1. Filtrations with an additional semitone. 

In the following sections, we have to study the geometric structures on 
manifolds modelled on the Lie algebra q = 503,2 (M). In order to do this, 
we want to establish a few properties of filtrations of vector spaces that are 
similar to some special filtrations of 003,2 (K). 

Consider a finite-dimensional vector space V endowed with a filtration of 
the following kind 



T : V = V- 2 dV-iDV dViD 



D V k D {0} 



(4.1) 



THE EQUIVALENCE PROBLEM FOR LEVI DEGENERATE CR MANIFOLDS 11 

If Vo has its own nitration with an extra term V(q|o) between Vo and VI, i.e. 

V (0 |-i) 2 V (0 |o) DV m D...D V m D {0} , (4.2) 

=V =Vi =V k 

we may merge such two filtrations and obtain a new one, namely 

F* : V = V_ 2 D V-! D V D V (0 |o) D V x D ■ • • D V k D {0} . (4.3) 

Such new filtration is called filtration with one additional semitone. The 
main example to have in mind is given by the two filtrations of q = so^^iM) 

F : m + h D m" 1 + (m° + h° + fr 1 + t) 2 \ D m° + t)° + E) 1 + I) 2 D 

V-2 V-i Vo 

D F) 1 + f) 2 D F} 2 D {0} , (4.4) 

Vl v 2 

T* : m + fj d m" 1 + (m° + h° + F) 1 + F) 2 )^ D m° + F)° + F) 1 + I) 2 D 
V-2 V_i Vo=V ( o|_i) 

D h° + + Fj 2 D h 1 + h 2 D f) 2 D{0}. (4.5) 

V(0|0) V(o|l)=Vl V( |2)=V2 

In the following, given filtrations (|4.ip and (|4.3p . we denote by GL(V, F), 
GL(V,F*) and gl(V, F), gl(V, J 7 *) the Lie groups and Lie algebras of filtration 
preserving automorphisms of (V", F) and (V, J 7 *), respectively. Notice that 
g[(V, J 7 ) and g[(V, J 7 *) are naturally endowed with structures of filtered Lie 
algebras, with filtrations determined by the subspaces 

Qk(V) = {Ae Ql(V,T) : A(V k ) C V k+l for any k > -2 } , 

UV) = {^G 0l(V,^) : ^(V- 2 ) C Vl 2+i , A(V-i) C V_i+i , 

A(V m ) C V ( o|fc+i) for fc > -1 } , i > . 

We denote by GLj(V) and GLj*(V) the corresponding connected subgroups 
of GL(V, F) and GL(V", J 7 *), respectively. 

Let W = 0t(V, J 7 ) and IV* = gr(V, J 7 *) the graded vector spaces of ("V, F) 
and (V, J 7 *), i.e. 

IV = W~ 2 + IV" 1 + IV + IV 1 + . . . + IV fc , (4.6) 

W, = IV" 2 + IV" 1 + IV^ 1 " 1 ) + IV {0|0) + W 1 + • • • + W k (4.7) 

with IV* = Vi/Vi+i and W^ ' fc ^ = V(o|fc)/V(o|fe+i)- The corresponding natural 
projections are denoted by 

ir *:V i ^W i = V/V t+1 , ttW) : V, — ► IV(°W = V^/V^-^ . 

Note that the graded vector spaces W, IV* are naturally endowed with 
filtrations, which we denote F and J 7 *, respectively (the filtration F is F = 
{Wj = ^2i>j IV 1 }; the filtration J 7 * is defined analogously), so that also the 
Lie groups GLj(W) and GL«(W*) are well defined. 
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4.2. Partial complex structures on filtered vector spaces. 

From §3.41 we know that there exist two complex structures on the sub- 
spaces m _1 , m° of g = 503,2 (M)j which are algebraic counterparts of the CR 
structure of M . Motivated by this, we consider the following 

Definition 4.1. A partial complex structure on (V, J 7 *) is a filtration pre- 
serving linear map J : V—i — > V—\ such that, for any X € V-i, 

J 2 = - ld v ^ mod V m . (4.8) 

Two partial complex structures J, J' are called equivalent if 

J — J' = mod V(q|o) • 

A partial complex structure J induces on W~ l + 14^°' _1 ) the complex 
structure defined by 

«^(^mod Vq) = J{X)moA V j ^(^mod V (0 | )) = <^(^)mod V (0 | 0) • 

Note that 

- equivalent partial structures induce the same complex structure on 
w -i + w (o\-i). 

- if J is extended to an endomorphism of W—i, it is a partial complex 
structure on W* = gt(V, any two such extensions are equivalent. 

We use the notation 

GL(V,T*,J) = {AeGL{V,^) : J o = A o J\ Vl mod V m } , 
GL«(V, J) = GL(V, J 7 * , J) n GLi*(V) , 
GU(V, J) = GL(V, j;, J) n GLi(V) , 

GL gr (W, J) = { A e GL(1 / F) : A maps graded subspaces into graded 
subspaces and J o A\ w - 1+wM -d = A o J\ w -i +W (q\-i) mod W( |o) } , 
GLf (W, J) = GL gr (W, J) n GLi(W, J) . 

Lie algebras of such groups are denoted by the corresponding gothic letters. 

Remark 4.2. By definitions, for any i > 2, the groups GLj(V,J) and 
GLi*(V, J) coincide with the groups GLi(V) and GLj*(V), respectively. 

Given two vector spaces V, V, both with filtrations (14. f p . ()4.3|) and partial 
complex structures J, J', respectively, we call filtered (J, J') -isomorphism 
any filtration preserving isomorphism u : V — > V such that 

u o J = J' o mod V^g|Q-j . 
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Similarly, given two graded vector spaces W*, W*, with gradations (j4.7j) 
and partial complex structures J, J', we call graded (J, J') -isomorphism a 
grading preserving isomorphism ip : W — > W such that 

f ° J\w~ 1 +w(°\~ 1 '> = J' ( p\w- 1 +w(°\- 1 '> ■ 

Consider now the Lie algebra g = 303,2 (R), endowed with the filtrations 
(j4Tj) and (jlTB and the complex structure (I3.10p on m^ 1 +m° + f)° + f) 1 . Any 
linear extension of J onto the entire subspace tn( i-2) = m + m ° + b * s a 
partial complex structure of q and two such extensions are equivalent. This 
property is indeed the main motivation for the definitions considered in this 
section. 

We conclude observing that, on the subalgebra m = m™ 2 + m" 1 + m° C 
503,2, one has that F* = F so that GLi*(m, J) = GLi(m, J). 

4.3. Adapted frames on spaces with partial complex structure. 

In the next lemma, V is a vector space with filtrations (14. ID . (14. 3D and 
with a partial complex structure J. The associated graded vector spaces are 
W = Qt(V, F), W* = gt(V, J 7 *) and we denote by m a (modelling) graded 
vector space 

m= m" 2 + m" 1 + m (0|_1) + m (0|0) + m 1 +...+ m k , 

=ta(0|-3) =m(0|-2) =m(0|i) =S(o|fc) 

which is isomorphic to W* as graded vector space. The subspace m" 1 + 
assumed endowed with a graded complex structure J, which we 
consider extended to some graded endomorphism of m_i = X]j>-i rtv '> so 
that it can be considered as a partial complex structure on (m, J 7 *), with 
filtration J 7 * = { m( |j) = Y, s >j ™ ( °' S ' > }• 

Lemma 4.3. For any graded (J, J) -isomorphism u : m — > W , there exists 
a filtered (J, J) -isomorphism u$ : m — > V satisfying the condition 

Vf(m(p\j)) C V W) and u\~ Mj) = tt^ o Ui \~ W3) (4.9) 

for any j > — 3. Any two such isomorphisms uq, iij : m — > V are related 
by an element GLi*(m, J), i.e., 

u { = u$o A for some A E GLi^(m, J) . 

Proof. For each i < k, consider a subspace iT(°W of Vr u\ that is comple- 
mentary to F(o|j + i). Assume also that the spaces #(°l" 2 ) and H(°\~V arc 
J-invariant, modulo elements in Vmio)- The map ir = 

Y,j>-3* m deter- 
mines a graded isomorphism between the graded vector space 

V = H (0\-3) + ... +H (0\k-l) + y m 

and W = qx(V) and ujj = n^ 1 ou is the desired isomorphism. The last claim 
is immediate. □ 
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The proof of Lemma H31 shows that, for a fixed graded (J, J)-isomorphism 
u : m — > W there is a natural one to one correspondence between isomor- 
phisms Ujj : m — > V satisfying (|4.9p and ordered sequences 

H = ( H~ 2 , H' 1 ,H^- 1 \H^°\ H 1 H k ~ l ), (4.10) 

=ff(0|-3) = ff(0|-2) =H((0|1) =H (0\k-l)' 

formed by subspaces H^ ' 1 ' C Vmu) that are complementary to V( |i+1) and 
such that F(°l- 2 ) and i^ !" 1 ) are J-invariant modulo V(o|o)- 

Any such sequence (|4.10p is called sequence of -horizontal subspaces of 
V or, shortly, s.h.s. ofV. For a fixed graded (J, J)-isomorphism u : m — > W, 
the corresponding the (J, J)-isomorphism, determined by an s.h.s. H, is 
called linear frame of V associated with u and H and denoted by 

ujj : m — > V 

or simply H : m — > V, in case u is considered as known and fixed. The 
linear frames constructed in this way are called adapted to the filtration and 
the partial complex structure of V, or adapted for short. 

5. The Tanaka structure of a girdled CR manifold 

5.1. Adapted frames of a girdled CR manifold. 

From now on, (M, T>, J) is a girdled CR manifold with rib distribution £ . 
Any tangent space T X M of M is naturally endowed with a filtration of the 
form (14. ip . namely 

T X M D V x D S x D {0} , (5.1) 

=V- 2 =V-i =V 

with graded vector space qz(T x M, F) isomorphic to the subalgebra m = 
m^+m^+m of g = 503,2(1^). Considering the nitrations ([4.30 with Vmio) = 
{0} (and hence with T = T*) and the complex structures J x : T> x — > T> x 
of the CR structure, we see that the T^M's are naturally endowed with 
partial complex structures. We may therefore consider the class J-ro(M) of 
(J, J)-isomorphisms 

«(j : m = m" 2 + m" 1 + m° — > T X M , x G M , 

adapted to such nitrations and partial complex structures, i.e., given by 
some graded (J, J)-isomorphism u : m — > qz(T x M) and a s.h.s. H C T X M. 

If 7To : J-ro(M) — > M is the natural projection, from Lemma [4. 3 1 it follows 
that 7To : J-ro(M) — > M is a principal bundle with structure group 

G\ = GL[j r (m, J) x GLi(m, J) = GL(f (m, J) x GLi*(m, J) . 
Note that any adapted linear frame u$ : m — > T X M is uniquely determined 
by the corresponding frame (/~ 2 , /£" , / 2 _1 i /? i /I) °f 

/" 2 = n fl (e~ 2 ) , Z" 1 = ^(e- 1 ) , /° = n fl (e°) , 
or by its dual coframe (/~ 2 *, /f u , Z^ 1 *, / 2 *) C T*M, for which 
P x = ker /~ 2 * , £ a = ker f~ 2 * n ker /f 1 * n ker J^ 1 * . 
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In the following, for any u G J-Vo(M), we denote by C u and % u the Levi 
form and the cubic form determined by the defining covector f~ 2 *. 

5.2. Strongly adapted frames of (M,T>,J). 

Definition 5.1. A strongly adapted frame of T X M is an adapted frame 
u t = (f~ 2 , /f 1 , . . .) : m — > T X M such that (compare with ([3U1) ) 

£ « (/ -i(io) > 7=I(i^ ) = _1 ; w « (/ o(io) ) pi(Io) ) ^i(i5) ) = (52) 

where we set /°( 10 ) = u(e°( 10 )), /- x ( 10 ) = u^ 10 )). 

The following lemma is a direct consequence of definitions. 

Lemma 5.2. The subset P® C J-Yo(M) of strongly adapted frames is a 
reduction of TrQ(M) with structure group 

= H° x GLi(m, J) , 

where H° C GLQ r (m, J) is the subgroup of maps A such that 

[A(X),A(Y)}=A([X,Y]) , [[A(Z),Ajjq\,A(Y)}=A{[[Z,X],Y}) (5.3) 

for any X, Y G m^ 10 \ Z G m°( 10 ). 

Since GLi(m, J) is normal in H®, we may consider the quotient bundle 

7T° : P° = Pjj°/GLi(m, J) — > M , 

which is a principal i/°-bundle. Motivated by Tanaka's theory ( [Tall ITa2l 
ITa3t IAS] ), we call it Tanaka structure of (M, D, J). 

Remark 5.3. We recall that any adapted frame : m — > T X M is uniquely 
determined by the induced isomorphism u : m — > qx(T x M,T) and a s.h.s. 
H = (H' 2 ^- 1 ) of T X M. Note that two adapted frames Ujj, are in the 
same equivalence class [m] G P | x if and only if they determine the same 
graded isomorphism u. Hence, P° can be also defined as the bundle of 
J -preserving, graded isomorphisms u : m — > gt (T X M, T), determined by 
frames satisfying (|5.2j) . 

Lemma 5.4. The Lie algebra of H° is 2-dimensional and equal to 

Lie(^°) = ad(h°)| m , 

where ad(h°)| m C gl (m, J) denotes the subalgebra of the restrictions 
ad(X)| m , X G h° c sc^^OR). In particular, Lie(H°) ~ h° and it is naturally 
endowed with the complex structure JLo, defined in (|3.10p . Moreover, H° 
is isomorphic with the connected subgroup of H C SO3 2 with Lie(H°) = h°. 

Proof. A map B G g[[j r (m, J) is of the form 

B{e~ 2 ) = re- 2 , ^(e^ 10 )) = Ae" 1 ^ = B(e~W)) , B(e ^) = ^ 
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for some ret, A,/i£ C. On the other hand, B is in Lie(H°) if and only if 

[ J B( e - 1 ( 10 )),e- 1 ( 01 )] + [e- 1 ( 1 °), J B(e- 1 ( 01 ))] = B([e^ w \ e" 1 ^]) = ^B(e~ 2 ) , 

(5.4) 

[[£( e o(io)) 5 e -i(0i)], e -i(0D] + [^^(e- 1 ^))]^- 1 ^^ 
+ [[ e o(io) |e -i(oi)] jB(e -i(oi) )] = B([[e o( 1 o) e -i(oi) ])e - 1 (oi) ]) = ZL B {e- 2 ) . 

_ (5-5) 

These conditions are equivalent to r = 2Re(A) and \i = r — 2A = 2iImA. 
Hence, any such B is determined by the parameter A and Lie(H°) is spanned 
by 

Bl (e- 2 ) = -2e~ 2 , lMe- 1(10) ) = -e" 1(10) , i?i(e ( 10 )) = 
B 2 {e~ 2 ) = , £ 2 (e- 1(10) ) = -ie" 1 ^ , £ 2 (e°( 10 )) = -2ie ^ . 
By Table 1, B x = ad(E%)\ m , B 2 = ad(E%)\ m and the first claim follows. The 
isomorphism between H° and a subgroup of H C SO3 2 follows by similar 
computations that determine explicitly the elements of GLQ r (m, J) satisfying 

5.3. The flag of distributions of P . 

On P°, there is a natural flag of distributions TP = T>^ 2 3 3 

p (ohi) D p ?oio) D W< defined b y 

D° x = (vl)-\V) , Vf ohl) = (^(S) , V° m = WrHiO}) = T Vcrt P° . 

(5.6) 

These distributions determine the following nitrations 

F : T/DP^Ip^lpiO} , (5.7) 
=V. 2 =V-i =V 

K : T y P° D D X»g,|-a)lw 2 ^o|o)lw ^ W ■ ( 5 -8) 

=y_ 2 =v_i =vb =v (0 | 0) 

so that Qt(TyP° , J 7 *) is isomorphic to 

m + f,o = m - 2 + m" 1 + m ° + f, c g = so 3 ,2 W • 

Any endomorphism J y : V^i-^y — > f-ilj/i which projects onto the complex 
structure J x : T>\ x — > T>\ x , x = 7r°(y), is a partial complex structure of 
T y P° and two such partial complex structures are equivalent. Due to this, 
we may arbitrarily fix one such map J y at any y and consider the linear 
frames 

u fl : m" 2 + m" 1 + m° + fj° — > V = T y P° (5.9) 

that are adapted to the filtration and partial complex structures of T y P°. 
This property does not depend on the choice of J y . 

Recall that a frame : m — > T y P° is completely determined by the 
corresponding basis of T y P° 

f- 2 = Ui (e- 2 ), /-i = ^(eji) , /° = ^(e°), Ff = u^) . 
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Its dual coframe is indicated by (/~ 2 *, . . . , F®*). 

6. The first prolongation of the Tanaka structure P° 

6.1. Adapted frames of P°. 

In the next definition, we denote by Ef, i = 1,2, the fundamental vector 
fields determined by the right actions of E® £ f)° on P°. 

Definition 6.1. Let y £ P° be a point over x = vr°(y) £ M. A linear 
frame mjj = (f~ 2 , ff , f®, F%), adapted to the filtration and partial complex 
structure of T y P°, is called adapted frame of P° if 

i) F? = El\ y and F 2 ° = E%; 

ii) the projected frames = U~\ fr\ f.) = (^(/" 2 ), tt^/" 1 ), vr^/O)) 
of T X M belongs to the equivalence class y = \u»]; 

The collection Fr\*(P°) of such frames is called bundle of adapted frames 
of P° and we denote by tt^ : Fri*(P°) — > P° the natural projection. 

For any adapted frame uj : m+F) — > T y P°, let u : m+f)° — > gx(T y P° , F) 
be the corresponding isomorphism of graded vector spaces. By Remark 15.31 
all frames itj € Fri*(P°)\ y have the same associated isomorphism u, so that, 
by Lemma 14.31 and the remarks in §4.31 we have: 

Lemma 6.2. The triple (Fr u (P°), P° , 7Ti*) is a principal bundle of frames 
over P°, with structure group 

Gf =GLi*(m + fr°, J) • 

For any y £ P° , the fiber Fri*(P°)\ y is in natural one-to-one correspondence 
with the collection of all s.h.s. (H~ 2 , H' 1 , H^~^) of V = T y P°. 

Later on, we will constantly identify an adapted frame at y £ P° with 
the corresponding adapted s.h.s. H = (H~ 2 , H' 1 , j^ !" 1 )) of V = T y P°. 
Moreover, given an adapted s.h.s. H C T y P°, associated with the linear 
frame H = u», and an element X £ m + f)°, we denote 

X H = H(X) £ T y P° . 

Moreover, if H' = H • A for some A £ GL\*{m + F)°, J), we write 

X H , = A(X H ) , where we denote by A{X H ) = HoAoH~ 1 (X H ) ■ (6.1) 

6.2. a-torsion, /3-torsion and c-torsion. 

Consider a smooth field of adapted s.h.s. 

U : U C P° — > { adapted s.h.s. in T y ,P° , y' £ U } ~ Fr u (P°)\ u , 
on a neighbourhood IA of y £ P . We call torsion ofH at y the bilinear map 
€Hom(A 2 m,m + f) ) , T H , y (X, Y) = H~ X ( [X n ,Y n )\ y ^ . (6.2) 
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Notice that the space Tor(m) = Hom(A 2 m, m + h), into which any torsion 
r-u^y takes values, is naturally graded, with homogeneous subspaces 

Tor fe (m) = {r £ Tor(m) : r{m\m j ) C Q i+j+k , for all i,j = -1, -2} , (6.3) 

where we set g~ 2 = m~ 2 , g~ x = m _1 , g° = m° + f)° and g* = {0} for any 
i < — 2 or i > 0. Let us write vu y as a sum of homogeneous components 

TH,y = Ek Ay with Ay € T or fc (m) . 

A priori, the torsion r^ y depends non only on H = T-L\ y , but also on other 
parts of the first order jet of % at y. Nonetheless, there are components 
of r% !2/ that depend only H = Ti\ y - Such components are very important, 
because they allow to impose conditions, which are preserved by CR dif- 
feomorphisms and determine canonical reductions of J r ri*(P°). In the next 
definition, we name a few components that we later show to enjoy such 
crucial property. 

Definition 6.3. Let "H be a local field of adapted s.h.s. on a neighbourhood 
U C P° of y. We call 

- a-torsion at y the map in Hom(m _1 x m°,m _1 ) 

a n,y = T-nJm-ixmO ! ( 6 - 4 ) 

- P -torsion at y the map in Hom(m _1 ( 10 ) x m°( 01 ), m°( 01 )) 

@H,y = ( r i,j/lm- 1 ( 10 )xm (0 1 ))m°( 01 ) > ( 6 - 5 ) 

where (-) ro o(oi) denotes the component in the antiholomorphic sub- 
space of m oc = m ( 10 )+m°( 01 ); 

- c-torsion at y the map in Hom(A 2 (m~ 2 + m" 1 )^ 4- f}°) 

CH,y = ^,yl A a(m-a+m-i) " ( 6 ' 6 ) 
We denote by A „ the homogeneous components dh „ = rk, ,. 

«.f b ^ «.f «.« A2(m-2+m-i) 

6.3. Strongly adapted frames of P° and the first prolongation P 1 . 

6.3.1. A preliminary step: the reduction J T ri(P°) of J 7 ri*(P°). 

As before, % is a field of adapted s.h.s. on a neighbourhood of y 6 P°. 

Lemma 6.4. T/ie a-torsion ay,,y depends only on H = H\ y in T y P° and 
can be considered as a tensor an, naturally associated with H £ J r ri^(P°). 
The collection Fr\{P°) C J-ri*(P°) of adapted frames H such that 

( aH (e-W\ e °W)) n _ im) = 0= („,(.-W,jm)) iJm . (6.7) 

zs a principal subbundle with structure group GLi(m + h°, J). 
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Proof. Let H, %' be two fields of adapted s.h.s. with %\ y = %'\ y = H. 
Then there exists a map 

A = I + B :U ^GL u (m + t)°,J) , B y > G gl u (m+ J) , y' G U , 

with By = and such that %' y , = H y ' o A y < for any y' of a neighbourhood 
of y. It follows that, for any X, Y G m + 

[x^,^]!, = [x„, + (x H • - (y h ■ B\ y )(x) H 

where we denoted by Xy_ ■ B\ y , Y% ■ B\ y the linear maps 



(6.8) 



X n ■ B\ 



dB{ ls ) 



ds 



YU-B\y 



dB( Vs 



ds 



s=0 



for some curves 7 S , i] s with 70 = r/o = y and 70 = X^\ y , f)o = Yy\ s . Notice 
that X H • B\ y , Y H ■ B\ y G Ql u (m + fj°, J). So, if X G m _1 , Y G m°, 

a WtV (X,Y) = (n y -\[X H ,,Y w }\ y ))= i (u- 1 [X H ,Y H }\ y )=a^ y {X,Y) 

proving the first claim. For the second claim, we need to show that: 

a) for any y G P , there exists an adapted s.h.s. H in T y P° for which 
USB holds; 

b) two such adapted s.h.s. are related one to the other by an element 
in GLi(m + f}°, J). 

Consider a fixed s.h.s. H Q in T y P° and a field of s.h.s. T-L on a neighbour- 
hood of y with 'Holy = -Ho- Let also H a second s.h.s. in T y P° and a field of 
s.h.s. % with T-L\ y = H. As before, we have that %\ y i = ~H \ y > o A y i, y' G U, 
for some map A = I+B with values in GLi^m+f) , J). By definitions of the 
distributions 2?? |-i) G an d of the adapted frames, for any X G m _1 , 

Y G m°, the vector ajj(X,Y) is equal to 



i/- 1 ( [X H , Y H ] gj ^^T 1 o tf-i ([X Wo + B(X Wo ), Y Ho + B(Y Wo )]|„) 
= a Ho (X,y) + ((/ + B)- 1 (h~ X ([X Ho ,B(Y Ho )} modV° {ohlh 

= a Ho {X,Y)+(H- 1 (\X Ho ,B(Y no )]\ y )) m i . (6.9) 

Since B takes values in 0[ l!f (m + f)°, J), one has that, modulo terms of higher 
grade, B y is of the form 



B y (e- 2 ) = Xe- 1 ^ + Xe- 1 ^ , B y {e~ 1 ^) 



fie 



0(10) 



B y (e W) = vE W+v'E°W 
Therefore, by (16.3.1)) we have that 



+ Kn 1 



-1(10) ^0(10) 

/to rto 



for some A, /i, z/, r/ G 
a Ho (e-^°\e°W)+ 

-1(10) ,-,0(01) 



.10) 



+ 1/ 



ajf (e" 



-1(10) n(io)^ 



'H.o 



+ ve 



> E H a 
-1(10) 



.11) 
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+ (* [eu m) , ET ] ] I + ' - <° 1} ] | J ) ri = 

= a Ho {e~ l{m \e^) + v'e- 1 ^ , (6.12) 
where we used the fact that E^j 10 ^ and E^j 01 ^ are fundamental vector fields. 

rto rto 

From (16.3. ip and (16.3.ip . one can directly see that there always exist u, v' 
such that H satisfies (16.7P and that two given s.h.s. H, H' satisfy (16.7P if and 
only if their corresponding adapted frames are related by a transformation 
A = I + B, in which B is of the form (16.3.ip with u, v' = 0. Since this 
is equivalent to say that B G 0li(ttl + f)°, J), we get that JFri(P°) is a 
GLi(m + f)°, J)-reduction. □ 

From now on, we consider only adapted s.h.s. and fields of adapted s.h.s., 
whose corresponding adapted frames are in the reduction Pri(P°). 

Lemma 6.5. // we restrict to J-ri(P°), for any field % of adapted s.h.s. 
around y G P°, the f3 -torsion /3^ jV depends only on H = T~L\ y and can be 
considered as a tensor /3h, naturally associated with H G J-ri(P°)\ . 

The collection J r ri(P°) C Pr\(P°) of frames with fin = is a subbundle 
with structure group 

G\ = L 1 x GL 2 (m + f>°, J) C GLi(m + f)°, J) 

where L 1 denotes the group of linear isomorphisms 

L l = {I + B : Be [f (m + f)°, J) and (B( e - l ^)) m o m = f^e ^ , 

(B(e- 1{W) )\ c = uE 0{10) + {v-uZ)E^ m) for some v %i i G C } . (6.13) 

Proof. The first claim is proved as in Lemma 16.41 In fact, let 7i, %' be two 
fields of s.h.s. in Tr\{P ), with H\ y = T~i'\ y = H, and denote by A = I + B a 
GLi(m + J)-valued map such that %' = H o A. Using the same notation 
of (UTS]), for any X G m"^ 10 ), Y G m°( 01 ), we have that X n ■ B\ y , Y H ■ B\ y 
are in ^(m + f)°, J) and 

{Y^B\ y (X)) H €H(m^ + ^°f) , (X n .B\ y (Y)) H = 0. 

From this and (|6.8p . it follows that (t^ ^X, y)) m o(oi) = (t^ y (X, F)) m0 (oi) , 
so that Pyifl = /3<H >y . 

Also the second claim is proved as in Lemma 16.41 Consider a fixed s.h.s. 
H with H G Pri(P°)\ y and let H be a field of s.h.s., with associated 
frames in Pri(P°), such that H \y = H Q . Take also a second s.h.s. H in 
J-ri(P°)\ y and a field of s.h.s. T~L with 7^ = H, with corresponding frames 
in Pri(P°). Finally, let A = I + B be a GL^m + fj°, J)-valued map such 
that U = 'U oA. 
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Since ^(P ^-^) = £ is an integrable complex distribution of complex 
dimension one, there is no loss of generality if we assume that the (locally 
defined) fields of s.h.s. H, %' are such that 

^Mt°\eT ) ]) = = ^M 1 °\eT ) ]) (6-14) 

or, equivalently, that the vector fields [e^°\ e^ 01 ^], [e!^ 1 , e^ 01 ^] take values 
in 2?9qiqn = T' Vcrt p . Since these frames satisfy (|6.7p . we also have that 

[eT\e H T ) ]=pe n 1 o m ^0,-1) (6-15) 
for some suitable complex function p. Moreover, by (|5,2I) . 

r -1(10) -1(01), _ £ -2 mnd V 
\. e Ho i e H J ~~ 2 ° ' 

rr 0(10) -1(01), -1(01), _ _£ -2 mnd ^0 
This and (|6.15p imply that p = — 1 and that 

[4 10 W o (01) ] = -^ o (10) = [e 0{W \e-^]n o mod 2$ hl) . (6.16) 

These arguments hold for any field of s.h.s. in J r ri(P°) and imply that 
flgHID holds for H as well. From flBTSj) . flgH]) and ([BTTo]) one gets 



r.0(01) 



,0(01) 



(6.17) 

Since 1? takes values in gl^m + F) , J), the images under the linear map B y 
are vectors of the form (modulo terms of higher grade) 

^( e -2) = Ae - 1 ( 10 ) + Ae- 1 ( 01 ) , B y {e~ 1 ^) = pe ^ + vE Q ^ +v'E ^ f 

^( e -i(0D) =7 Ze°( 01 ) +I7S ( 01 ) +V'E°W , B y (e ^) = B(e ^) = 

(6.18) 

for some A, p, u, v' £ C. So, by Table 1, (|6.3.ip is equivalent to 

Me- 1(10) ,e 0(10) ) = PH o (e- 1{W \e 0{W) ) + (-i; + v-v')e m) ■ (6-19) 

This shows that if i/ = v - p - f} Ho {e~ li - lQ \ e 0(10) ), then fi H = 0, so that 
^■i(P°)| y + 0. From dSHHD, it follows also that J>i(P°) is a reduction of 
J-ri(P°) with structure group Gj. □ 
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6.3.2. The strongly adapted frames of P . 

From now on, we limit ourselves to the bundle nr : J-r\(P ) — > P° and 
the s.h.s. H's or fields of adapted s.h.s. PL are assumed to correspond to 
frames in J r r\(P ). Such frames are shortly call nicely adapted. 

Lemma 6.6. For any field PL of nicely adapted s.h.s. around y G P° , the 
k-th components rJj^ and of torsion and c-torsion are such that: 

(i) T^ y = for any k < 0; 

(ii) T^ y (X, Y) = [X, Y] for any X G m" 2 + m" 1 and Y G m; 

(hi) depends only on the s.h.s. H = PL\ y and it can be considered as 

a tensor c\j, associated with H G J-r\(P°) . 

y 

Proof. For what concerns (i) and (ii), the only statement that does not 
follows directly from (I5.2p and definitions is claim (ii) for the case X G 
m -2 + m" 1 and Y G m°. Assume that X G m" 1 , Y G m°. Then (f677|) and 
(|fU6jl imply that 

[X H ,Y H ]\ y = ([X,Y} H )\ y mod V° (ohl) \ y , 

from which it follows T^ y (X, Y) = [X,Y]. On the other hand, when X = 

e~ 2 and Y = e°( 10 ), we have that e^ 2 = — 2i[e^ W \ e^ 01 ^] mod ^>p | — i) ' so 
that, by fl67T]) and (ffTTBD . 

[e- 2 ,ef 0) ] = -2i[[e H 1{W \e H 1{01 \ef 0) ] mod V\ = mod V\ . 

This shows that r° ^(e" 2 , e°( 10 )) = = [e- 2 ,e°( 10 )] and (ii) follows. 

Now, as in the proof of Lemmas 16.41 and 16.51 consider a fixed nicely 
adapted s.h.s. H Q and a held PL Q of nicely adapted s.h.s. around y with 
PL \y = Ho- Take also a second nicely adapted s.h.s. H and a held of nicely 
adapted s.h.s. PL with PL\ y = H and denote by A = I + B the -valued 

map such that PL = T~L oA. Consider the expression (|6.8p for the Lie bracket 
[Xy^i,Y^i]\ y in the case X G m l , Y G taP , i,j G {—1,-2}. Since B takes 
values in I 1 + g[ 2 (m + f)°, J) with t 1 = Lze(L 1 ), it follows that X-^ ■ B\ y and 
Y% ■ B\ y are in t 1 + g[ 2 (m + h°, J) and the last two terms of (16.8j) take value 

and T>®, J , respectively. Since « + l,j + l>i + j + l, it follows 

?/ J/ 

that c^JX^) = (H^ ([X n ,Y n ]\ y )) = c^ y (X,Y). □ 



in 



Recall now that, for a graded Lie algebra n and a graded n- module W, 
the space of skew-symmetric multi-linear maps 

C|(n, W) = { c G Hom(A £ n, W) : c(n <x A • • • A nV) C W h+ - +ie+k } . 
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is called homogeneous space of l-cochains of degree k. Its differential is the 
coboundary operator d : C|(n, W) — > C^ +1 (n, W) 

dc(X! A • • • A X e+1 ) = V(-1) S+1 X S • c{Xx A ..." ... A X t+1 ) + 

* — » s 

s 

+ V(-l) s+t c(LY s , X t ] A Xi A ... "... A ... A X m ) . 

' s t 

s<t 

and the corresponding cohomology spaces are denoted by 

Hi(n,W) = „ . 

Let m_ = m~ 2 + m -1 and Fj+ = ^2 i>0 f)\ Consider q = 003,2 = rn~ 2 + 
m" 1 + (m° + h°) + fj 1 + h 2 as a graded m_ -module and notice that 

fc-i 

flI fc (m_ + m o + b o + £b i )~C£(m_,0) , Tor fc (m) ~ C 2 (m_, g) . 

i=l 

Hence, the differential d gives a map from fll fe (m_ + ^to g*) into Tor fc (m). 
Recall also that, via the Killing form of 0, each space C^(m_,g) can be 
identified with C|(f)+,g*) and the opposite of the map d : C^(f) + ,g*) — > 
Cf +1 (h+,g*) can be identified with a linear map 

0*:C£(m_, fl )— >Cf- 1 (m_, fl ) , 

called codifferential. By Kostant's theory ( |Ko] ) . for any £, k > 0, we have 
the ad(g°)-invariant direct sum decomposition 

Ci(m., e ) = dC e k - 1 (m., Q )®Hi(m.,g)(Bd*C e k +1 (m.,g) , (6.20) 

from which it follows the (fj + + g°)-invariance of the spaces 



k 

(we consider f)+ + g° acting on m_ ~ 0/(f)+ + 0°) with the adjoint action). 

Consider now the Lie algebra I 1 = Lie(L l ) and the complementary sub- 
space of dl 1 in Tor 1 (m), defined as follows. First of all, notice that the 
restriction ad^J?)^ on each graded space g l = m ! or rj* is either trivial or 

equal to a multiple of J\ g i. This means that K = e ^ AA ^ E o^a % j s isomorphic 
to S 1 and we may consider a X-invariant Euclidean inner product <, > on 
<9Cj(m_,g). On the other hand, from definitions, one can directly check 
that I 1 is ad(-E2)-invariant and, consequently, its orthogonal complement 
(dl 1 ) 1 - in dCl(m-,g) is ad^^-invariant as well. The space (l 1 ) -1 is also 
ad(i^)-invariant, because the action of E® on dCl (m-,g) is equal to the 
identity: in fact, E® is a grading element and <9Cj(m_,g) is a homogeneous 
space of grade +1. So, (dl 1 ) 1 - is h°-invariant and complementary to dl 1 
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in <9C|(m_,g), while (dl 1 ) + ker d*\ C 2^ m _ g ) is ad(h°)-invariant and com- 
plementary to dl 1 in Tor 1 (m) ~ Cf(m_,fl). This observation allows the 
following 

Definition 6.7. We call strongly adapted frame ofT y P° a nicely adapted 
frame H € J-ri(P°)\ y , with c-torsion such that 

c\ G(ay + kerd*| Ci2(m _ iB) . (6.21) 

Lemma 6.8. The collection P^ C J-ri(P°) of strongly adapted frames is a 
reduction with structure group Hi = H 1 ix GL2(m + f)°), where 

H 1 = { I + B G G] : dB = 0} . (6.22) 

Proof. Let H a be a nicely adapted s.h.s. in T y P° and H some other nicely 
adapted s.h.s. in the same tangent space. As usual, we consider two fields 
of nicely adapted s.h.s. H Q , H with T-L \y = H a , T~L\ y = H and a local map 
A = I + B : U — > Gj such that % = 1~L o A. Using definitions, Lemma 16.61 
(i), (ii) and standard arguments, for X E m\ Y € m J , i, j € {—2, —1}, 

^X,Y) = ((/ + B)- 1 (H-\[X H ,Y n ]\ y ))) mi+j+i = 

= J Ho (X,Y) - (B {r^ 0>t (X,Y)))) mi+j+1 + {r^ y (B(X),Y)) mi+j+1 + 
+ {t^JX, B(Y))) mi+ . +1 = c l Ho (X, Y) - OB(X, Y) . (6.23) 
Hence, if we denote by c l H = (c]^) a[1 + (4fWu +kerS *i „ the decom- 

^ ' l C 1 (m_,g) 

position of c l H into a sum of elements in dl 1 and (dl 1 ) 1 - + ker d*\ C 2^ m _ 
we see that there always exists B such that (c^) 9[1 = 0, proving that the 
fiber of Pjj 1 over y is not empty. The equality (|6.3.2|) shows also that nicely 
adapted frames H, H' are both in P^ if and only if H' = H o A for some 
A = I + B, with dB = 0. This implies that P^ has H 1 t< GL 2 (m + h°, J) as 
structure group. Note also that GL2(m + F)°, J) = GL2(m + h°). □ 

Lemma 6.9. T/ie Lie algebra Lie(H 1 ) has dimension 2 cmd is eowa/ to 

Lie(F 1 ) = ad(^ 1 )| ro , 

where ad ( fj 1 ) | m C gl 1 (m, J) denotes the space of the adjoint actions ad(X)| TO 
with X € fi 1 C 503,2 (M). In particular, Lie(H 1 ) ~ h 1 and is naturally 
endowed with the complex structure JLi defined in ()3.10[) . 

Proof. Recall that -B £ t 1 = HeiL 1 ) if and only if, modulo terms of higher 
grade, it is of the form (|6.3.ip for some v' = v — fi. On the other hand, 
condition dB = is equivalent to 

[B{[e-\e-^])) m = ([B{e-%e-^\ + [e~ 2 , B (e~^ )]) ^ , 



THE EQUIVALENCE PROBLEM FOR LEVI DEGENERATE CR MANIFOLDS 25 



(Bae-^.e- 1 * 01 )])) = f[ J B( e - 1 ( 10 )),e- 1 ( 01 )] + [ e - 1 ( 10 ), J B( e ^ 01 ))] N ) . 

Using Table 1, one can check that these conditions correspond to require 

i i 

v = -A , fj, = --A , z/ = , 

from which it follows that Lie(H l ) is generated by the maps B>i, B 2 corre- 
sponding to A = 1 and A = i, i.e., 

Bl (e- 2 ) = e" 1 ^ + e^ 01 ) = ad(-i£)(e_ 3 ) , 

5l ( e -Kio)) = _* e o(io) + ^o(io) = ad( _^i )(e -Kio) ) ; 

5( e o(io)j = o = a d(- J E 2 1 )( e - 1 ( 1 °)) mod g 1 , (6.24) 
B 2 (e- 2 ) = iie" 1 ^ - e" 1 ^ 1 )) = ad(i? 1 1 )(e_ 2 ) , 
fl( e -i(i°)) = l e o(io) + 1^0(10) = ad ( E i)( e -i(io)) , 

B ( e o(io)) = o = ad( J E 1 1 )(e- 1 ( 1 °)) mod g 1 , (6.25) 
and this concludes the proof. □ 

The quotient bundle 

vr 1 : p l = Pl/GL 2 (m + fj°) — > P° 

with 7T 1 induced by the natural projection 7rJ : Pjj 1 — ?> P°, is called /irsi 
prolongation of the Tanaka structure tt° : P° — > M. It is a principal 
bundle over P°, but it also a principal bundle over M. In fact, 

Lemma 6.10. There exists a natural right action of a semidirect product 
H° >< H 1 on the bundle tt° o tt 1 : P 1 — > M , which makes it a principal 
bundle over M , canonically associated with the girdled CR structure (T>,J). 

The Lie group H° x H 1 is isomorphic to H/H 2 , where we denote by 
H 2 the connected subgroup of PL = Aut Xo (M ) C SO32 with subalgebra 
Lie(H 2 ) = t) 2 . 

Proof. For any h € H°, we denote by fh ■ P° — > P° the diffeomorphism 
determined by the right action on P , and by f\ : J r r(Po) — > JFr(P$) the 
associated diffeomorphism on the linear frame bundle J-t(Pq) of Pq, defined 
by 

Thin) = h* o uj o Ad h -i : m + f)° — > T fh{y) P° 
for any u$ € JFr{Po)\ y . Using the definition of the adapted frames, one 
can check that fh maps J-r\*(Po) into itself. Moreover, using the fact 
that fh preserves also the distributions (|5.6p and the partial complex struc- 
tures of the tangent spaces, one can check that fh(J 7 ri(Po)) C Tt\{Pq) and 

hi^niPo)) c Tn(P ). 

Now, from Lemma |5\4"1 and the fact that (dl 1 ) 1 - + ker d*|c* f (m_,g) i s ad(b )- 
invariant, it follows that fh maps strongly adapted frames into strongly 
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adapted frames, inducing an automorphism of fh ■ P 1 — > P ■ This shows 
the existence of a right action of H° and, consequently, of a right action of a 
semidirect product P° x H 1 on P , which acts transitively and freely on the 
fibers of ir° o ir 1 : P 1 — > M. The last claim can be checked using Lemmas 
15,41 and 16.81 and the definition of the right actions of H° x H 1 . □ 

In analogy with Remark 15,31 if u$, : m + f}° — > T y P° are two strongly 
adapted frames in the same equivalence class G P 1 )^ they determine 
the same graded isomorphism u, u' : m + h° — > Qx(T y P° , J 7 ). 

We conclude observing that, in analogy with M5.31 there is a natural flag 
of distributions on P 1 , given by 

v\ A ^ {,\y\v\) , p; ohl) d ^ f (^)- i (^oi-i ) ) , v\ m d ^ tf)-Hvf> m ) 

and T>\ = (7r^) _1 (0) = r Vert P x . These distributions and the CR structure 
of (M,V, J) induce nitrations of type (|4.ip . (|4.3p on tangent spaces 

T : T.P 1 D D Z>L ^ D D {0} , (6.26) 

=V- 2 =V-i =y =Vi 

j; : T.P 1 D Pij, D T>\>\-i)\v 2 2?J,|0)I» 3 => W (6-27) 
=V- 2 =V_i =y =V( |o) =Fl 

endowed with a (unique up to equivalences) partial complex structure J. By 
construction, any graded space gx(T y P , P*) is isomorphic to m + f)° + f) 1 . 

7. The second prolongation of the Tanaka structure P° 
7.1. Adapted frames and nicely adapted frames of P 1 . 

Definition 7.1. Let z G P 1 )?/ be a point over y = 7r (z) G P . A linear 
frame u§ : m+f^+fj 1 — > TzP 1 , adapted to the filtration and partial complex 
structure of T X P , is called adapted frame of P 1 if 

i) the restriction Ujj|^o + ^i : f) 1 — > ^(0|0) coincides with the isomor- 
phism given by the right action of f)° + f} 1 = Lie(H° x P 1 ) on P 1 ; 

ii) the projected frame u» = 7r* o Ujj| m+ f,o : m + fj° — s> ^y-P is i n the 
equivalence class z = [u^] G P 1 . 

The collection of such frames is called bundle of adapted frames of P 1 and 
is denoted by J 7 r2*{P 1 )- We denote by 112* ■ J 7 r2*{P 1 ) — > P 1 the natural 
projection. 

By the remarks in M6.3.21 any linear frame of a fiber J r r2*(P 1 )\ z is uniquely 
determined by the corresponding s.h.s. (P -2 , P _1 , P^ ' -1 ), p(°l°)) of V = 
TzP 1 . Prom this and usual arguments (see also Remark I4.2p . it follows that: 

Lemma 7.2. The triple (Fr 2 *{P l ), P 1 , 7T2*) is a principal bundle over P 1 , 
with structure group GL2*(m + h° + fj 1 ). 
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In analogy with §6.21 for a given smooth field H of adapted s.h.s. in the 
tangent spaces of a neighbourhood of z G P , we may consider the torsion 
ofH at z 

T^eHomtAVm+^+f, 1 ), t HjZ (X, Y) = %~ X ( [X H , Y H ] |J , (7.1) 

the associated c-torsion cu,z = T H,z\A 2 (m- 2 +m- 1 ) an d the graded components 
z and z . Besides this, we need to consider also the following definition. 

Definition 7.3. Given a local field % of adapted s.h.s. on a neighbourhood 
of z, we call 



G Hom(m 1 



x 



- ^-torsion at z the restriction 7% j2 = 
m°,m° + f) ). 

- 5 -torsion at z the linear map ^ z 6 Hom(m~ 2 xm ' 10 ', K-E^X defined 

by 

^ = Im((^U»») CES ) ■ <™> 
where (. . Oc^o denotes the projection onto CE^ C f)°. 

Lemma 7.4. T/ie ^-torsion 7% jZ depends only on H = H\ z in T z P l and 
can be considered as a tensor associated with H . The subset J-V^-P 1 ) C 
J r r2*(P 1 ) of adapted frames H such that 

(7 H (e-" M ».e»<'»>)) mii(iiii = = ( T ,(e-"«V«)) mW (7.3) 

is a reduction with structure group GL2(m + t)° + f) 1 ). 

Proof. The proof of the first claim is the perfect analogue of the argument 
used for Lemma 16.41 Also the second claim is proved in a very similar 
way. In fact, consider a fixed s.h.s. H Q in T Z P X and a field of s.h.s. T~L 
on a neighbourhood IA of z with H \ z = H Q . Any other field of s.h.s. % is 
such that T~L\ z i = H\ z i o A z >, z' G U, for some map A = I + B with values 
in GL2*(m + f)° + f) 1 ). By usual arguments, we find that jh(X,Y), with 
H = H z , X G m _1 , Y G m°, is equal to 

1H (X,Y) = lHo (X,Y) + ([X,B z (Y)]) m0 . (7.4) 

On the other hand, modulo terms of higher grades, the map B z is of the 
form 

^( e - 2 ) = Ae ( 10 )+Ae ( 01 ) , B z (e- 1 W)= f iE 1 W+v'E 1 ^ , 

B z (e ^) = uE 1 ^ + u'E 1 ^ for some A, //, yt , u,i/eC, 
from which it follows that 

lH {e~^\e^) = 7Ho ( e -i(i°), e ° (10) ) - ^e°( 10 ) - Vi^ 10 ) , 
7 ^( e - 1 ( 01 ),e°( 10 )) = 7« o (e- 1(10) ,e 0(10) ) - \vE ^ - Ve°( 01 ) . 
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Hence, there always exist u, v' such that Ti satisfies (|7.3j) . so that J-r\{P 1 )\ z 
is not empty. The same expressions show that J-Y^P 1 ) is a reduction with 
structure group GL2(m + i)° + fj 1 ). □ 

The proof of next lemma is basically the same of Lemma 16.61 (iii). 

Lemma 7.5. Let % be a field of s.h.s. on a neighbourhood of z, with 
associated adapted frames in the reduction J-r2(P 1 )- Then c 2 ^ z depends 
only on H = %\ z and it can be considered as a tensor c 2 H , associated with 
He Fr2(P%. 

Now, as it was pointed out in ^6.3.21 we have that 

fl I 2 (m+J) + f) 1 )^C' 2 1 (m_,fl) , Tor 2 (m) ~C 2 (m_, ) . 
So, by (16.20f) . we have that ker d*\@2 ( TO _ )0 ) is complementary to <9g[ 2 (m + 
h° + f) 1 ) in Tor 2 (m) ~ C|(m_,g) and it is invariant under ad(f)° + h 1 ). We 
call nicely adapted frame ofT z P x any adapted frame H S .Fr 2 (P )\ z whose 
c-torsion is such that 

c 2 H £ kerd*| C 2 (m _ )B) . (7.5) 

Lemma 7.6. The collection J-V^-P 1 ) C J-Y^P 1 ) of nicely adapted frames 
is a reduction with structure group H 2 = H 2 x GL3(m + h° + f) 1 ), where 
H 2 C GL 2 (m + f)° + t) 1 ) is the subgroup 

H 2 = { I + B ,B € glf(m + fj° + fi 1 ) : dB = } . 

The proof is identical to Lemma 16.81 and we omit it. 

Lemma 7.7. The real abelian Lie algebra f) 2 = Lie(H 2 ) has dimension 2 
and is generated by B\, B2, defined by 

Bl (e- 2 ) = E°W+E°W , ^(e-Kio)) = ^i(io) ; ^-1(01)) = _ iE m) , 

(7.6) 

B 2 (e- 2 ) = ie ^ - ie ^ , Ba^ 10 )) = P 1(01) , B 2 {e~ 1 ^) = E 1 ^ . 

(7.7) 

Proof. Modulo terms of higher grades, a map B 6 fjt 2 (m + f)° + f) 1 ) is of 
the form 

B{e~ 2 ) = Ae°( 10 ) + Xe ^ +f iE ^ + 7iP 0(01) , 
B(e- 1 ^) = uE 1 ^ + v'E 1 ^ , B(e- 1 (° 1 )) = v'E 1 ^ +VE 1 ^ 
for some A, fj, v, v' £ C. The condition dB = is equivalent to 

(B(le- 2 ,e-^]j) m i = ([B( e - 2 ),e-^)] + [ e - 2 ,B(e- 1 ( 10 ))]) m _ i , 

V u J 7 m o+fi V v ; 1 L v "Jmo+t) 

A direct computation shows that this holds if and only if 
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or, equivalently, if and only if (A, fi, v, v') = (is,t,it,s) with t,s Gl. The 
pairs (t,s) = (1,0), {t,s) = (0, 1) give the generators flEEJ) and ([77f]> . □ 

7.2. Strongly adapted frames of P 1 and the second prolongation. 

The next lemma is proved with the same line of arguments of Lemmas 
16.41 16.51 and 16.61 For brevity, we give only the statement. 



Lemma 7.8. Let H be a field of s.h.s. on a neighbourhood of z, with asso- 
ciated adapted frames in the reduction Tr2(P 1 )- The 5-torsion b^ z depends 
only on H = T~L\ Z and it can be considered as a tensor 5h, associated with 

H G ^(P 1 ) 

Due to this, we may consider the following 

Definition 7.9. We call strongly adapted frame ofT z P x any nicely adapted 
frame PI € J~t<i(P ~)\ z with a vanishing 5-torsion. 

Lemma 7.10. The subset P 2 C J-r2(P 1 ) of strongly adapted frames is a 

reduction with structure group H 2 = H 2 ix GLs(m + h° + rj 1 ) where H 2 C H 2 
is the subgroup defined by 

H 2 = { I + B with Bet) 2 = Lie(H 2 ) such that B(m~ 2 ) C fj° } • (7.8) 

Proof. The proof is almost the same of the proof of Lemma 16.41 but there 
is a point that deserves a special care. Consider a fixed s.h.s. H Q in T Z P X 
and a field of nicely adapted s.h.s. Ho on a neighbourhood U of z with 
% \ z = H . As in the other proofs, we recall that any other field of s.h.s. H 
is such that H\ z i = ~H \z' ° Az'i z> G f > f° r some map A = I + B with values 
in Hf. 

Let 7r = 7T° 7T 1 : P l — > M be the standard projection of P 1 onto M. As 
in the proof of Lemma [631 we observe that 7r* f^(b|-i)) = £ is an integrable 
complex distribution of dimension one, so that, with no loss of generality, 
we may assume that the field H is such that 

'.([«T.«S£ ,) ])=o- P- 9 > 

Following the usual arguments, one finds that the value of 5h(g~ 2 , e ^ 10 ^) is 
5 H {e-\e^)) = 8 Ho (e-\e^)-I^ ( [5(e" 2 ) Wo , e ^ 



Hoi 



CE° 



where, according to Lemma \7.7\ the map B is such that (modulo terms of 
higher grades) 

B z/ (e- 2 ) = is ( e°( 10 ) - e°( 01 )) + t ( £ 0(10) + £ 0(01) ) , 



Bz ,( e -i(io) ) = _^i(io) +s£; i(oi) ( 
B^e-WV) = sE^+itE 1 ^ , B z (e ^) = B(e ^) = 
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for some suitable real valued functions s = s(z'),t = t(z') € R. By definition 
i 



of the vector fields , E^j® 1 ^ , 



-is [e ^n o ,e^ Ho [ 



We claim that [e°( 10 )% o , e°^ 01 ^ o ] | has non trivial component along 
i E^-Hol • Suppose not. Then, using (17. 9p . for any z' € T~L, 



,0(10), 



>1C 



L e-"' Ho , e^ l) H ] z , = i°{z')Ku + ir(z')E» Ho mod Z>« 
for some real valued functions a, r such that t(z) = 0. This implies that 



e °("V, e °C°V 



mod ^Jf-i) • (7.10) 



On the other hand, by (|6.7p and (|6.16|) . 

.1 



e o(io)^ )e o ( oi)^ 



e° (10) H o , 



mod 2°^ 



-71V 



mod X> 



oc 

(0|-1) 



e-^Vj mod , 



which contradicts (|7.10p and concludes the proof of the claim. Then 



i0C 

0h 

(7.11) 



5 H (e 



-2 n(io)^ 



) = S Ho ( e - 2 , e °( 10 ) ) _ st for some 



(7.12) 



This shows that it is always possible to determine s such that 



5 H (e 



-2 „0(10)> 



and that -ff , ff correspond to strongly adapted frames 



at z if and only if they are related by a map B with s = 0. □ 

By Lemmas 17.71 and 17.101 Lie(H 2 ) is 1-dimensional and is generated by 
the map Bi, described in (|7.6p . Notice that B\ is equal to 

B l = ad(P 2 )| m : m — ► m + f) + f} 1 = g/f, 2 , (7.13) 

and Lie(H 2 ) ~ f) 2 . We can now define the second prolongation of the Tanaka 
structure P°: It is the quotient bundle 

vr 2 : P 2 = P s 2 /GL 3 (m + f>° + f) 1 ) — ► P 1 

where tt 2 is the map induced by the natural projection ir 2 : P^ — > P . It is 
a principal bundle over P , but it also a principal bundle over M. In fact, 

Lemma 7.11. There exists a natural right action of a semidirect product 
(H° x H 1 ) x H 2 on the fiber bundle tt = ir° o tt 1 o it 2 : P 2 — ► M, w/iic/i 
makes (P 2 ,M,n) a principal bundle, canonically associated with the girdled 
CR structure of M. The Lie group (H° k H 1 ) x iif 2 is isomorphic to the 
isotropy subgroup H = Aut Xo (M ). 
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Proof. For any h G H x H , let fh ■ P — > P be the corresponding 
diffeomorphism, given by the right action, and by fh '■ Pr(P\) — > J-r(P\) 
the difFeomorphism of J-r(P\) defined by 

hin) = f h * o n o Ad h ■. m + h° + h 1 = /h 2 — > p^p 1 

for any u$ G ^(Pi)^. Using definitions, one can see that fh maps Pr^Pi) 
into itself and, since fh preserves the flag of distributions and the partial 
complex structures of the tangent spaces, it is such that fh(J 7 r 2 (Pi)) C 
•Fr 2 (Pi). 

Using Lemmas l5.4U6.9l and l6.1Ul and the fact that ker d*\ c e^ m _^ is ad(h° + 
h ^-invariant, we obtain that fh preserves the bundle of strongly adapted 
frames P 2 and induces an automorphism of the P 2 -bundle fh '■ P 2 — > P 2 ■ 
This shows the existence of a right action of H x H , which determines a 
right action of (H° X H 1 ) x H 2 on P 2 acting transitively and freely on the 
fibers of vr : P 2 — > M. 

The last claim is a consequence of the last claim of Lemma !6.fCH of (|7.13j) 
and of the definition of the right action of (H° x H 1 ) x H 2 . □ 

In perfect analogy with P , there exists a natural flag of distributions on 
P 2 , given by 

vli d = f (*l)-\v\) , P 2 0hl) d ^ f (, 2 r\vl 0hl) ) , v 2 m d ^ (^y\vf m ) 

V 2 d ^ (-Kl)-\V\) , V 2 = (^)-i(O) = T Vcrt P 2 . 

These distributions and the CR structure of (M, T>, J) determine filtrations 
of type (|4.ip . (|4.3p and a partial complex structure J (determined up to 
equivalences) on each tangent space T W P 2 . All this makes any graded vector 
space qx(T w P 2 , JF*) isomorphic to the graded Lie algebra 503,2 (M) = m + h. 

8. The Cartan connection of a girdled CR manifold 

AND THE SOLUTION OF THE EQUIVALENCE PROBLEM 

Following the same steps for the constructions of the first and second 
prolongations, we now consider the following 

Definition 8.1. Let w G P 2 \ z be a point over z = ir 2 (w) G P 1 . A linear 
frame uj : m + f) — > T W P 2 , adapted to the filtration and partial complex 
structure of T W P 2 , is called adapted frame of P 2 if 

i) the restriction it^f, : f) — > -^olo)!™ coincides with the isomorphism 
determined by the right action of h on P 2 ; 

ii) the projected linear frame = 7r 2 o^| m+fl o +f ,i : m+f^ + f) 1 — > T Z P X 
is in the equivalence class w = \uu] G P 2 . 

The collection of such frames is called bundle of adapted frames of P 2 and 
is denoted by Fr^(P 2 ). We denote by ^3* : Fr^(P 2 ) — > P 2 the natural 
projection. 
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By construction, the frames in a fiber J~r-i(P 1 )\ w are completely de- 
termined by the corresponding s.h.s. (H~ 2 , H -1 , i^ '^ 1 ), H^ ' , H 1 ) of 

V = T W P 2 . Moreover, from definitions, (J-r%(P 2 ), P 2 , tt^) is a principal 
bundle over P 2 with structure group GLi3*(m + h). For any smooth field 
T~L of adapted s.h.s. on a neighbourhood of w € P 2 , we may consider the 
torsion of H at w 

t h>w GHom(A 2 m,m + h) , t h>w (X, Y) = vZ' 1 ( [X H , Y H ]\J , (8.1) 
the c-torsion c-h,w = t H,w\a 2 (m- 2 +m- 1 ) an d the following 
Definition 8.2. Given a local field T~L of adapted s.h.s. on a neighbourhood 

U C P 2 of w, we call e-torsion the restriction eu, z = t Uz 

' m _2 xm° 

Lemma 8.3. The e-torsion Enw depends only on H = H\ w in T W P 2 and can 
be considered as a tensor ejj, associated with the frame H. The collection 
Fr^P 2 ) C J-r-^{P 2 ) of adapted frames such that 

(e H (e- 2 ,e°W))^=0 (8.2) 
is a subbundle with structure group GL3(m + f)). 

Proof. The proof of the first claim is exactly as in Lemma 16.41 For the 
second claim, as usual, consider a fixed s.h.s. H Q in T Z P X and a field of s.h.s. 
TL on a neighbourhood U of w with H \w = H a . Any other field of s.h.s. % 
is such that Ti\ w i = "H\ w i oA w r, w' G U, for some map A = I + B with values 
in GL 3 *(m + fj). We have that that e H (X,Y), with H = H z , X G m~ 2 , 

Y £ m 0(10) , is equal to 

e H (X,Y)) = e Ho (X,Y) + ([X,B w (Y)]) m0 . (8.3) 
Modulo a term of higher grade, the map B w is of the form 

B w (e~ 2 ) = \E 1 ^ +\E 1 ^ , B w (e- 1{10) )=vE 2 W+n>E 2 ^ , 

B w (e° il0) ) = vE 2 for some A, (i/veC. 

From this, it follows that 

e H (e~ 2 , e°( 10 ) ) = e Ho ( e - 2 ,e ^) + u(E°^+ E ^ ) , 

which can be used to infer that J-r^P 2 )^ is not empty and that Fr^{P 2 ) 
is a reduction with structure group GLs(m + fj). □ 

The proof of the following lemma is basically the same of Lemma 16.61 (iii) 
and we omit it. 

Lemma 8.4. Let Ti be a field of s.h.s. on a neighbourhood of w, with 
corresponding frames in Fr^{P 2 ). Then c^ w depends only on H = TL\ W 

and can be considered as a tensor c? H , associated with H € J r r^(P 2 )\ . 
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As pointed before, 

g[ 3 (m+ f,) k Cl(m.,Q) , Tor 3 (m) ~ C 3 2 (m_, ) , 

so that ker (9*| C 2( m g -) is complementary to <9gl 3 (m + F)° + f) 1 ) in Tor 3 (m) ~ 
C|(m-,g) and invariant under ad(f)). We call strongly adapted frame of 
T W P 2 any adapted frame -ff G Fr^P 2 )^ with 

4 eker5*| cf(in _ iB) . (8.4) 

The proof of next lemma is essentially the same of Lemmas 16.81 and 17.111 

Lemma 8.5. The subset P^ C J-V^P 1 ) of strongly adapted frames is a 
reduction with structure group = H 3 x GL^m + f)), where 

H 3 = { I + B , B € gf'(m + fj° + f) 1 ) : 35 = } . 

Moreover, there exists a natural right action of a semidirect product 

((H° k H l ) x H 2 ) k H 3 

on the fiber bundle ir = vr° o vr 1 o vr 2 o vr 3 : P 3 = P 3 /GL 4 (m + rj) — >■ M, 
which makes (P 3 ,M,tt) a principal bundle, canonically associated with the 
girdled CR structure of M . 

Lemma 8.6. The Lie algebra Lie(H 3 ) is trivial and the structure group 
ir 3 : P 3 — > P 2 is isomorphic to GL4(m + fj). In particular, the principal 
bundle (P 3 ,M,ir) has structure group isomorphic to Aut Xo (M ) and it is 
H-equivalent to (P 2 ,M, tt). 

Proof. Recall that an element B G 3(3 (m + f)) is (modulo a single term of 
higher grade) such that 

B(e~ 2 ) = XE 1 ^ + XE 1 ^ , Bie- 1 ^) = ^E 2 , S^ 01 )) = JlE 2 
for some A, fj, € C The condition dB = is equivalent to 

(Bde- 2 ^- 1 ^})) = ([S(e- 2 ),e- 1 ( 10 )] + [e- 2 , J B(e- 1 ( 10 ))]) 
which implies that 

= A e 0(10) + ^0(10) _ £0(10) _ ^0(01) 

i.e., A = = [i. Prom this, the claim follows. □ 
We can now prove the main theorem. 

Theorem 8.7. There exists a Cartan connection u : P 2 — > SO3 20&) on the 
principal bundle (P 2 ,M,-k), which is canonically associated with the girdled 
CR structure, i.e., satisfies the following two properties: 

a) for any local CR diffeomorphism f : U C M — > M, the naturally 
associated lifted map f : P 2 — > P 2 is such that f*to = oj; 
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b) if F : V C P 2 — > P 2 is a local diffeomorphism such that F*uj = uj, 
then F = /|y for some lifted map f of a local CR diffeomorphism f 
ofM. 

Proof. By usual arguments, we may consider a bundle tt^ : jFr±(P ) — > P3, 
given by the frames of P3, denned in complete analogy with the bundle 
described in Definition 18. 11 For any field % of s.h.s., associated with frames 
in J-"r4(P 3 ), the usual arguments show that the 4-order component w 
of the c-torsion of Ti at w G P 3 — P 2 depends just on H = T~L\ W and 
we may consider the reduction of Pu C J-Y^P 3 ) given by the frames with 

d*c A H = 0. As in previous proofs and by the fact that gl 5 (m + [)) = 0, for any 
w G P 3 (~ P 2 ), two frames in P 4 \ w are always related by an endomorphism 
A = I + B with B G 0l| r (m + fj) such that dB = 0. A simple check shows 
that B is trivial, so that any fiber of tt^ : P^ — > P 3 contains exactly one 
element. This means that there exists a unique section 

a : P 3 — >• Fr 4 {P 3 ) satisfying d*c A a = (8.5) 

( i.e. with a w G P$\ w for any w G P 3 ) . 

bmce, by Lemma Ell the i^-bundle vr : P 2 — > M can be identified with 
the -ff-bundle it : P 3 — > M, we may consider the q- valued 1-form uj on 
P 2 (~ P 3 ), defined by 

u w = K)" 1 : T W P 2 ~ T„,P 3 — >■ m + f} 

at any w G P 2 — P 3 . We claim that is a Cartan connection. In fact, by 
definitions, for any w G P 2 ~ P 3 the linear map 

= (a w )- 1 | () : f) — )> T^ rt P 3 ~ T^ rt P 2 

coincides with the natural isomorphism between f) = Lie(H) and T^ ert P 2 , 
determined by the right action of H on the fibers. Moreover, by the same 
arguments of Lemmas 16.101 and 17.111 the bundle of linear frames P^ is in- 
variant under a right action of H on P 3 ~ P 2 , so that, for any h € H and 
to G P 3 ~ P 2 , 

Ph* o-jo Adh = o-^.ft {Rlu))\ w = Ad h -i -u) w , 

proving that uj is a Cartan connection modelled on M Q = SO3 2 /H . 

To check (a), we recall that, by construction, the bundle 7r° : P° — > M 
and the bundles n i+1 : P i+1 — >■ P\ < i < 3, are quotients of bundles 
of linear frames of the underlying manifolds. Using just the definitions, one 
can check that the differential /* of a CR diffeomorphism f of M maps the 
frames in P® into frames in P® and that the quotient P° = PP/GLi(m, J) 
is mapped into itself. This defines a canonical lift /* : P° — > P° on P°. 
Similarly, the differential (/*)* induces a lift (/*)* : P 1 — > P 1 on P 1 , the 
differential ((/*)*)* determines a lift on P 2 and so on. In particular, we 
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obtain a natural lift / : P 3 (~ P 2 ) — > P 3 , which preserves the unique 
section a : P 3 — > P^ and, consequently, the Cartan connection lo. 

For (b), consider the basis B = (e^E^) of 503,2 = m + f) introduced in 
§3.21 and the vector fields (ej-,-E^J defined by 

ej\w = f {u w )~ l {e)) , E e m \ w d = K)" 1 ^!) for any w G P 2 . 

Notice that, by the construction of oj, the flows of the vector fields E^ are 

= R cxp (tE^)- Assume that F : V C P 2 — > P 2 is a local diffeomorphism 
such that F*u = uj and hence such that 

F*(e})=Sj), F*(E e m ) = E e m . (8.6) 

It follows that F o RexpttE^) = -^exp(iB^) F, t £ and it induces a local 
diffeomorphism / : vr(V) C M — > M on M. Moreover, using the fact that 

V x =<w*(e7 1 \ w ), 7 v 3l ,@\ w ),i = l,2> , x€M, w € 7r~ 1 (x) C P 2 , 

one gets that / is a local CR diffeomorphism. Finally, if we denote by / : 
P\(y) — > P 2 the natural lift of / on P 2 , the map F' = f~ 1 oF :V — > P 2 

- is a local diffeomorphism mapping the fields ej- and Ef n into them- 
selves; 

- induces the identity map Id^y) on vr(V) C M. 

By the properties of Cartan connections (use e.g. normal coordinates - see 
[SSI] ), this occurs if and only if F'(w) = w for any w € V, i.e. F = f\y. □ 

Let oj be the Cartan connection introduced in previous theorem and 

0-2 f 0-1(10) ; 0-1(01) ^0(10) 00(01) ^ w 0(10) 5 w 0(01) 5 w l(10) 5 w l(01) 5 u 2 

the (R- and C-valued) 1-forms of P 2 that for any vector field X of P 2 give 
the components of the elements uj(X) € 503,2 w.r.t. the basis formed by the 
matrices e~ 2 , e~' l ( 10 \ E l ( 10 \ E 2 and their complex conjugates. Using the 
construction of u, one can check that they satisfy the structure equations 

d 0-2 + ^0-1(10) A 0-1(01) _ ^0(10) + ^0(01)^ A 0-2 = @-2 j 

d 0-i(io)_0O(io) Al? -i(oi)_/ 0(10) +w o(oi)A Al? -i(io) + - a; i(io) A 0-2 = @-i(io) 5 

d 0O(lO) _ ^0(10) _ ^0(01)^ A 00(10) + l w l(10) A 0-1(10) = @0(10) ^ 

^0(10) + 1^1(01) A 0-1(10) + u 2 A 0-2 = ^0(10) j 
^1(10) _ w l(01) A 00(10) + w l(10) A ^0(01) + iuj 2 A 0-1(10) = ^1(10) ) 
dbJ 2 _ * 1( 10 ) 

A + (w°( 10 ) + w°( 01) ^ A uj 2 = $7 2 , (8.7) 
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where the 2-forms Q a and f2 a are of the form (here a, /3, 7 denote indices as 
—2, —1(10) etc., and a,b,c denote indices as 2, 1(10), etc.): 

/3,7 b,c 

with smooth functions and Rp^, called structure functions, which sat- 
isfy constrains, corresponding to the conditions considered in Lemmas 16.41 
16.51 16.81 17.41 17.61 and l7.10[ For example, the condition considered in Lemma 
16.41 implies that 

71-1(10) _ T -i(0i) _ n 
1 -1(10)|0(10) ~~ 1 -1(01)|0(10) ~~ u • 

Analogous constraints come from the other conditions: each of them either 
requires the vanishing of some structure function or imposes a linear relation 
between some of them. 
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